Introduction
For a non singular scheme Y over C the hyper-cohomology of the algebraic de Rham complex calculates the analytic cohomology H . (Y an , C). For singular Y there is no straighforward generalization of this calculation: indeed, it is the algebraic side that causes problems. Grothendieck has introduced the algebraic infinitesimal site Y inf [11] . Moreover, as explained in [13] , when Y admits an embedding as a closed subscheme of a smooth scheme X, one can also consider the completion of the de Rham complex Ω . X along Y : Ω .
X|Y
. At this point one has three different cohomologies
and
The isomorphism between (2) and (3) was proved by Grothendieck ([11] ) only in the case of a smooth scheme over C. The isomorphism between (1) and (3) was proved by Herrera-Liebermann ( [14] ), in the case of Y proper over C, while Deligne (unpublished) , and Hartshorne ([13, Chapter IV, Theorem (I.I)]) proved it for a general (not necessary proper) scheme over C. A direct statement asserting the isomorphism of these cohomology groups for arbitrary C-schemes Y cannot be found in literature, although all the necessary ingredients are given. The proof presented in this paper, if applied to classical schemes, can be used to fill this gap (see §1). Of course the generalization of this problem to the case of mixed or finite characteristic has been carefully studied by Berthelot and Ogus. On the other hand, in more recent years the notion of scheme and the properties of schemes have been generalized by the introduction of log schemes. Among the expected features of log schemes, there is the fact that log smooth schemes (which are in general singular as schemes) should behave like classical smooth schemes and moreover should also be related to analytic schemes. The goal of the present work is to introduce the log scheme analogues of (1),(2),(3) over C, and prove the isomorphisms between them.
With these ideas in mind we first consider the analogue of Grothendieck's Infinitesimal Site ( [11] ) in the logarithmic context (see also [18] for positive characteristic). We work with pro-crystals and we link them to the logarithmic stratification on pro-objects. If we suppose that there exists an exact closed immersion of fs log schemes Y ֒→ X, with X log smooth over C, then we can define the Log De Rham Cohomology of Y over C, as the hyper-cohomology of the complex ω .
, where X|Y represents the formal completion of the log scheme X along its closed log subscheme Y . We give a direct proof of the existence of an isomorphism between the Log Infinitesimal Cohomology of Y over C, and its Log De Rham Cohomology, namely we prove the following isomorphism 

)
This result was proved by Shiho ([24] ) for a log smooth log scheme over C.
For the remaining isomorphisms, we were inspired by a work of K. Kato and C. Nakayama ([21, Theorem (0.2), (2)]). Given an fs (ideally) log smooth log scheme X over C, Kato and Nakayama associate a topological space X an log and show that the algebraic Log De Rham cohomology of X (which is defined as the hyper-cohomology of the log De Rham complex ω . X ) is isomorphic to the cohomology of the constant sheaf C on X an log , i.e. H . DR,log (X/C) =:
We will prove an analogue of (4), for a general fs log scheme Y over C. In this case, the Log De Rham Cohomology of Y is defined as before (for Y admitting an exact closed immersion). In §2, we extend the theory of Kato-Nakayama ( [21] ) to the log formal setting. To this end, we first introduce a ringed topological space (X|Y ) log , associated to the log formal analytic space (X|Y ) an , with sheaf of rings O log (X|Y ) an (Definition 2.2). The underlying topological space (X|Y ) log of this ringed space coincides with Y an log . We construct the complex ω . ,log (X|Y ) an (Definition 2.5 and (33)), which is a sort of "formal analogue" of the complex ω . ,log X an , introduced by Kato-Nakayama for a log smooth log scheme X ( [21, (3.5 
)]).
Later, in §3, we give a "formal version" of the Deligne Poincaré Residue map ([6, (3.6.7.1)]), in the particular case of a smooth scheme X over C, endowed with log structure given by a normal crossing divisor D, and Y ֒→ X a closed subscheme, with the induced log structure ( §3.2). We show that this map is an isomorphism. It is useful for describing the cohomology of the complex ω .
(X|Y ) an . Using that description, we can prove the Log Formal Poincaré Lemma (Theorem 4.1): given a general fs log scheme Y over C, the Betti Cohomology of its associated topological space Y an log is isomorphic to the hyper-cohomology of the complex ω . ,log (X|Y ) an . In §5, we show that ω .
(X|Y ) an is quasi-isomorphic to Rτ * ω . ,log
where τ : Y an log −→ Y an is the canonical (continuous, proper and surjective) Kato-Nakayama map of topological spaces. Finally, we prove that there exists an isomorphism in cohomology
X|Y
) between the Analytic and the Algebraic Log De Rham Cohomology (Theorem 5.3).
We conclude with the main theorem of this article (Theorem 5.1): the cohomology of the constant sheaf C on the topological space Y an log , associated to an fs log scheme Y , is isomorphic to the Log De Rham Cohomology of Y ,
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Preliminaries
Notations: by S we denote the logarithmic scheme Spec C endowed with the trivial log structure, and, by a log scheme, we mean a logarithmic scheme over S, whose underlying scheme is a separated C-scheme of finite type. Moreover, if A . is a complex of sheaves and k ∈ N, then A . [−k] is the complex defined in degree j as A j+k .
The Logarithmic Infinitesimal Site
Given a log scheme X, endowed with a fine log structure M , we denote by Inf Log(X/S) the Logarithmic Infinitesimal Site of X over S. It is given by 4−uples (U, T, M T , i), where U is anétale scheme over X, (T, M T ) is a scheme with a fine log structure over S, i is an exact closed immersion (U, M ) ֒→ (T, M T ) over S, defined by a nilpotent ideal on T , i.e. i is a nilpotent exact closed immersion. Morphisms, coverings (for the usualétale topology), and sheaves on Inf Log(X/S) are defined in the usual way. The category of all sheaves on Inf Log(X/S) is a ringed topos, called the Logarithmic Infinitesimal Topos of X over S, and denoted by (X/S) log inf .
Pro-Crystals and Logarithmic Stratification
Let X be a log smooth log scheme. For the definition of pro objects we refer to [1] , [8] , [11, §6.2] .
In a similar way we can define Artin-Rees pro-crystals (see [23, Proposition 0.
5.1]).
For each integer i ≥ 0, let ∆ 1 log (i) be the i−th log infinitesimal neighbourhood of the diagonal (X, M ) ֒→ (X, M ) × S (X, M ), and let ∆ 2 log (i) be the i−th log infinitesimal neighbourhood of
where the fiber product is taken in the category of fine log schemes). We have the canonical projections
We denote by P ν,i X,log the structural sheaf of rings O ∆ ν log (i) , for each ν = 1, 2, i ≥ 0. In particular, we can regard P
1,i
X,log as an O X −module in two ways, via the canonical projections p 1 (i), p 2 (i). So, we call the left O X −module structure (resp. right O X −module structure) on P 1,i X,log the structure given by p 1 (i) (resp. p 2 (i)).
We introduce a logarithmic stratification on the category of pro-coherent O X −modules. We could define a logarithmic stratification "at any level" of the pro object, and consider the pro-category of log stratified O X −modules. But this stratification would be too restrictive for our purpose. We need to work with a larger category and, to this aim, we introduce the logarithmic stratification as a pro-morphism.
and the coassociativity diagram
X,log are the natural compatible maps, and s {P [24, Lemma 3.2.3] for the definition of δ i,j 
is also an exact closed immersion, and we can take the n−th log infinitesimal neighbourhood of U Y inside (T, M T ), and denote it by (T n , M n ).
Remark 0.5 From Theorem 0.3, the log stratified O X −pro-module associated to the (Artin-Rees)
is the ideal of definition of Y into X, and Y n is the n−th log infinitesimal neighborhood of Y ֒→ X.
Linearization of the Log De Rham complex
Let ω .
X be the log De Rham complex of the log smooth log scheme X over S. As in the classical case ([3, p. 2.17]), we denote the complex of Artin-Rees pro-coherent O X modules which is the linearization of ω
Since, for all i, j ∈ N, there exist maps P 1,i+j
X,log , each term of (5) has a canonical logarithmic stratification, in the sense of Definition 0.2 ([3, Construction 2.14]). We have a local description of the differential maps {L X (d . X ) i } i of this complex. Indeed, let M i be the log structure on ∆ 1 log (i). Let U −→ X be anétale morphism of schemes, and let m ∈ Γ(U, M ). Then, there exists uniquely an element u m,i in Γ(U, (P ([24, pp. 43, 44] ). In particular, we have that u m,i − 1 ∈ Ker {Γ(U, (P
Let now x ∈ X, and t 1 , ..., t r ∈ M x be such that {dlog t j } 1≤j≤r is a basis of ω 1 X,x . We can restrict to anétale neighborhood U of x, and suppose that {dlog t j } is a local basis of ω 1 X on U . Let u j,i , 1 ≤ j ≤ r, i ≥ 0, be the elements in Γ(U, (P
X,log ) (note that the ξ j,i 's are compatible with respect to i).
Proposition 0.6 In the above notations, (1) [24, Lemma 3.2.7] , for each i ≥ 0, the O X −module P 
Log Formal Completion and Kato-Nakayama Topological Space
Let X be a log scheme, endowed with fs log structure M , and let i : Y ֒→ X be an exact closed immersion. We refer to [18, (5. We note that, if the closed immersion i : Y ֒→ X is not exact, it is also possible to define the log formal completion of X along Y , but in this article we will always work with exact closed immersions. Let now X an be the (fs) log analytic space associated to X. Kato-Nakayama define the topological space X an log associated to X an as the set
X an ,x } (where S 1 = {x ∈ C; |x| = 1}). Let now β : P −→ M be a fixed local chart for X an , with P an fs monoid. The topology on X an log is locally defined as follows:
Definition 0.8 In the local chart β, X an log is identified with a closed subset of
log is locally endowed with the topology induced from the natural topology on X an × Hom(P gp , S 1 ).
This local topology does not depend on the choice of the chart, so it induces a well defined global topology on X an log ([21, (1.2.1), (1.2.
2)]). There exists a surjective map of topological spaces τ : X an log −→ X an : (x, h) −→ x, which is continuous and proper ([21, Lemma (1.3)]). Though X an log in general is not an analytic space, it is still endowed with a nice sheaf of rings O log X an . Indeed, let L X be the sheaf of abelian groups on X an log which represents the "logarithms of local sections of
. There exists an exact sequence of sheaves of abelian groups
If we consider commutative τ −1 (O X an )-algebras A on X an log , endowed with a homomorphism L X −→ A of sheaves of abelian groups which commutes with k, then O log X an is the universal object among such A ([21, (3.2)]). We suppose that X satisfies the following hypothesis ([21, Theorem (0.2), (2)]) (*) Locally for theétale topology, there exists an fs monoid P , an ideal Φ of P , and a morphism f : X −→ Spec (C[P ]/(Φ)) of log schemes over S, such that the underlying morphism of schemes is smooth, and the log structure on X is associated to P −→ O X .
Remark 0.9 We note that, if X is (ideally) log smooth over S, then it satisfies hypothesis (*), because X is a filtered semi-toroidal variety ( [17 
Log Infinitesimal and Log De Rham Cohomologies
From now on, let Y be a generic fs log scheme over S, endowed with log structure M Y . We suppose there exists an exact closed immersion i :
, where X is an fs log smooth log scheme over S, with log structure M X . The Log De Rham complex of the log scheme Y is the complex (ω
. is the integrable connection induced by the differential 
X|Y
).
Let I be the ideal of definition of Y in X. For each fixed ν ≥ 0, we consider the diagonal immersion of fine log schemes X ֒→ X ν , where X ν is the fiber product over S of ν + 1 copies of (X, M X ) over S (the fiber product being that of the category of fine log schemes over S). We denote by ∆ ν X,log (i) the i-th log infinitesimal neighbourhood of the diagonal of X ν , and by P ν,i X,log its structural scheaf of
, where K ν is the ideal of definition of the log scheme X inside X ν . Now, if we fix ν and vary i ∈ N, we get the Artin-Rees pro-object of sheaves {P ν,i X,log } i on X. On the other hand, if we fix i and vary ν ∈ N, we get a sheaf on the simplicial log smooth log scheme
which is the following cosimplicial sheaf of rings on X
where the maps are given by the alternating sum of the faces of the simplicial log scheme {X ν } ν . If we vary ν and i, we get a cosimplicial sheaf of Artin-Rees O X −pro modules {P ν,i X,log } ν,i . We define the cosimplicial Artin-Rees pro-object {Q ν,i log } ν,i , by setting Q ν,i log =: P ν+1,i X,log (8) for every i, ν ≥ 0. Then, for each ν ≥ 0, there is a canonical homomorphism of pro-rings α ν, .
log , defined by the canonical injection {0, 1, ..., ν} ֒→ {0, 1, ..., ν, ν + 1}. So, we have a homomorphism of cosimplicial pro-rings {α * ,i
Let N be an O X −module. As in the classical case, we define the cosimplicial pro-ring
We note that, for fixed ν ≥ 0, {Q
log } i −module, and so an O X −bimodule with the obvious left and right structures. Moreover, if we regard {Q ν,i log (N )} i as a cosimplicial pro-module on {P ν,i X,log } i (by restriction of scalars, via {α ν,i log } i ), we see that it is the cosimplicial pro-module associated with the O X −pro-module with canonical stratification {Q 
and we get the following cosimplicial complex of Artin-Rees pro-objects,
The cosimplicial complex of Artin-Rees pro-objects {Q * ,i
X (Čech resolution). Indeed, we consider the double complex of O X −pro-modules
where the maps are obtained from the cosimplicial maps (7) (with respect to the cosimplicial index ν), by "forgetting one face" ([5, p. 12]). Then, one can show that (13) is locally homotopic to zero, by using the degenerating maps of the cosimplicial complex (7) ([2, §V, Lemma 2.2.1]). Now, we apply to (13) the additive functor {O X /I n } n∈N ⊗ O X (−), in the category of pro-coherent O X −modules.
Since it respects the local homotopies, we find that the complex
is also locally homotopic to zero. We give now a sort of "Log Poincaré Lemma" in characteristic zero. (15) is in fact a complex of O X −pro modules. It is easy to show that the complexes
are locally homotopic to zero, for each i ∈ N. Indeed, from Proposition 0.6, we can define the following maps on the local basis,
where 0 = α 1 + · · · + α r = k ≤ i − p, and extend them by linearity. It is easy to compute that
for an alternative proof, in the classical case). Now, since the additive functor {O X /I n } n ⊗ O X (−) respects the local homotopies, by Theorem 1.1, the following complex of Artin-Rees O X −pro modules
is also locally homotopic to zero, in the category of pro-coherent O X −modules.
We consider now the following double complex (⋆⋆)
Now, from (14) , all the columns of (⋆⋆), except the first, are locally homotopic to zero. Moreover, from (17), the second row of (⋆⋆) is also locally homotopic to zero. The (ν + 1)−th row of this double complex (ν ≥ 2) is obtained from the second row by tensorizing (over O X ) with the (log stratified) Artin-Rees pro-object {P
X,log } j . So, since the second row is locally homotopic to zero and the additive functor {P ν−1,i X,log } i ⊗ O X (−) respects the local homotopies, we see that each row of (⋆⋆), except the first, is also locally homotopic to zero. Therefore, we can conclude that the double complex {O X /I n } n ⊗ {Q * ,i log (ω . X )} i is a resolution of both the first column {O X /I n } n ⊗ {P * ,i X,log } i , and the first row {O X /I n } n ⊗ ω . X of (⋆⋆). Then, since all pro-systems satisfy the Mittag-Leffler condition, we get the two following isomorphisms in cohomology,
Remark 1.2 Since the Artin-Rees O X −pro module {O X /I n } n is endowed with a log stratification (see Remark 0.5), we have isomorphisms, for any ν, k ≥ 0,
and so there is an identification 
From (18), (19) and (20) With X and Y as in §1, let Y an , X an be the associated fs log analytic spaces, and let i an : Y an ֒→ X an be the corresponding analytic exact closed immersion. When the context obviates any confusion, we will omit the superscript (−) an in denoting the associated analytic spaces. We consider the closed analytic subspaces Y k of X, defined by the ideals I k , with k ∈ N. On each such Y k we consider the log structure induced by M X , i.e., if i k : Y k ֒→ X is the closed immersion, then we take
We have a sequence of exact closed immersions, which we denote by ϕ k ,
֒→ ... ֒→ X Therefore, we have a projective system of rings
, where the transition maps ϕ k are surjective. Moreover, the diagram
is commutative, for each k ≥ 1. Since M X is a fine log structure on X, each Y k is endowed with a fine log structure i * k M X , which we donote more by
Let Y log k (resp. X log ) be the Kato-Nakayama topological space associated to Y k (resp. to X), and let τ k : Y log k −→ Y k (resp. τ X : X log −→ X) be the corresponding surjective, continuous and proper map of topological spaces ( §0.4). We now consider the "formal" analytic space X|Y , which is Y an as topological space, and whose structural sheaf is
Now, since the closed immersion i : Y ֒→ X is exact, the formal completion of the fs log analytic space X along the closed log subspace Y is equal to the classical completion X|Y , endowed with the log structure induced by M X (Definition 0.7). So, if i X|Y : X|Y ֒→ X, then the log structure on X|Y is i * X|Y M X . We denote it by M X|Y . We now define a ringed topological space ((X|Y ) log , O log X|Y ), associated to the formal fine log analytic space X|Y . 
Definition 2.2 With the previous notation, we define (X|Y ) log to be the topological space Y log , endowed with the following sheaf of rings
for i = 1, ..., n.
Proof. By [21, Lemma (3. 3)], applied to X log , the isomorphism O log X,y
Lemma 2.4 [21, Lemma (3.4)] Let r ∈ Z. We define a filtrationfl
(where fil r (O log X ) is defined by Kato-Nakayama as
Proof. By [21, Lemma (3.4)], for any r ≥ 0, we have an isomorphism
So,
and, by (29), this is isomorphic to
Now, since the functor ).
Using the Kato-Nakayama complex ω
. ,log X associated to the fs log smooth log analytic space X over S ([21, (3.5)] ), we can now give the following Definition 2.5 In the previous notation, for any q ∈ N, 0 ≤ q ≤ rk Z ω 1 X , we define the following sheaf on Y log ω q,log X|Y
Since X is log smooth over S, it follows that ω q X is a locally free O X −module of finite type, and so ω q,log X|Y is a locally free O log X|Y −module of finite type. Moreover, since ω (3.5)] ), using the definition of O log X|Y (25), we can also write
Now, since the differential d q : ω q,log X −→ ω q+1,log X is induced by that of ω . X , we have that d 1 (I r ) ⊆ I r−1 ω 1 X , for any r ≥ 0. Thus, d
. can be extended to get a differential
Therefore, we obtain a complex ω . ,log X|Y , whose differentialsd . satisfyd 1 (x) = dlog(exp(x)), for each element x ∈ L X , andd 1 (y) ∈ I r−1 ω 1 X , for each element y ∈ I r , r ≥ 0.
Formal Poincaré Residue Map
In this section, we want to give a "formal version" of the Poincaré Residue map given by Deligne ([6, (3.1.5.2)]). We consider an fs log scheme Y , with log structure M Y , and an exact closed immersion i : Y ֒→ X, where X is an fs log smooth log scheme, with log structure M X . We also suppose that the underlying scheme of X is smooth over S, and its log structure M X is given by a normal crossing 
X|Y
, defined bŷ We suppose now that, locally at a point x ∈ Y ֒→ X, the normal crossing divisor D is the union of smooth irreducible components D = D 1 ∪ ... ∪ D r , where each component D i is locally defined by the equation z i = 0 (for a local coordinate system {z 1 , ..., z n } of X at x). Let S k be the set of strictly increasing sequences of indices σ = (σ 1 , ..., σ k ), where σ i ∈ {1, ..., r}, and let
for each 0 ≤ i ≤ n. Therefore, the elements ofŴ k (ω i X|Y ) are locally linear combinations of terms
Since each intersection D σ is smooth over S, we can take the sheaf of classical differential i−forms
we deduce the mapî σ : D σ| Y σ ֒→ X|Y . From [12, (Corollaire (10.14.7))], it follows that
The Formal Poincaré Residue
In [6, (3.1.5.2)], Deligne defines a map of complexes 
X , the map Res sends it to η |Dσ ⊗ (orientation σ 1 ...σ k ). Deligne proved that Res is an isomorphism of complexes ( [6] ). Moreover, from [6, (3.1.8.2)], the following sequence of isomorphisms
implies that there exists an identification
(M X is the log structure on X associated to the normal crossing divisor D, and ε k X is the direct image of ε k via the map π k : D k −→ X [6, (3.1.4.1)]). Using diagram (34), and (36), we can extend the Deligne Poincaré Residue map to the formal case.
Definition 3.1 In the previous notation, we define the map
We consider the completionRes p of the Deligne Poincaré Residue map (37), in degree p, along the closed subscheme Y . We will prove that the mapsRes p induce the following O X − linear isomorphism of complexesR es
for each k ≤ n.
To this end, we briefly recall the classical construction of the Deligne Poincaré Residue map. So, given σ ∈ S k , we consider the application
which is locally defined by
This map does not depend on the choice of the local coordinates z i ( [7, 3.6.6] ). Moreover we have that
Thus, all these maps being locally compatible with the differentials, the maps ρ σ define a morphism of complexes
This morphism is locally defined by (42), and it is a global morphism on X: it is an isomorphism of complexes. Its inverse isomorphism Gr 
So we conclude that the morphism of complexesRes .
(40) is an isomorphism, for each k ≤ n.
Remark 3.2 We can also construct the morphismRes
.
using a formal version of the classical construction of Res
. , described in (41), (42), (43), (44). Indeed, we can define the map
which is the completion along Y of (41), and is locally defined as in (42), but with η ∈ Ω p−k X|Y
. Then,
we can see that this map ρ σ|Y factorizes into
which is the formal analogue of (43). We conclude that there exists an isomorphism of complexes on X ρ , and from (38), we deduce that, when X is smooth over S, with log structure given by a normal crossing divisor D on X, and Y is a closed subscheme of X, then
Therefore, we deduce that, for each point x ∈ Y ∩ D, there exists an isomorphism
Formal Log Poincaré Lemma
In this section, we generalize the logarithmic version of the Poincaré Lemma, proved by KatoNakayama ([21, Theorem (3.8)]) in the case of an (ideally) log smooth log analytic space (i.e. a log analytic space satisfying the assumption (0.4) in [21] ). We extend this result to the case of a generic fs log analytic space over S, and prove the following 
To prove this theorem we first need some preliminary results. The methods of the proof are similar to those in [21] . Let Y and X be as in §2. Let P −→ M X be a chart, with P a toric (or simply fs) monoid. Let p be a prime ideal of P which is sent to 0 ∈ O X under P −→ M X −→ O X . Let T be the fs log analytic space whose underlying space is the same as that of X but whose log structure M T is associated to P p −→ O T . Similarly, let Z be the closed log subspace of T whose underlying space is the same as that of Y and whose log structure is the inverse image of M T . We have the following commutative diagram of fine log analytic spaces
where the vertical maps are the identity over the underlying analytic spaces. We also note that, since the closed immersions i and i T are both exact, the log formal analytic space T|Z coincides with the classical formal analytic space X|Y and so
We introduce now a filtration on the complex ω .
X|Y
. So, for q, r ∈ Z, let F 
we consider the induced filtration
(2) For any r ∈ Z, there is an isomorphism of complexes
whose degree q part is given by 
Let P be an fs (or toric) monoid and let X be the log analytic space Spec C[P ], endowed with log structure P −→ O X . Let i : Y ֒→ X be an exact closed immersion, where Y is a fine log analytic space endowed with the induced log structure. We fix a point x ∈ Y . Since i : Y ֒→ X is exact, via the canonical isomorphism ω
, sending p ∈ P gp to dlog p, corresponds to the map sending p to 1 ⊗ p ( [22, §3] ). The image of this map is contained in the closed 1−forms. Therefore, we get a map
and, by cup product, we deduce a map 
and a quasi-isomorphism , with b ∈ b. For any q, the map
which is induced by the map (55), is bijective. (3) The stalk at x of the canonical map of complexes
is a quasi-isomorphism.
Proof. We first note that the complex ω . Indeed, since b is an ideal of the monoid P , by [21, Lemma (3.6) , (2)],
, and it follows that
We start to prove (1) =0 is isomorphic to C, and there is a quasi-isomorphism (1) is proved. Now, we apply Lemma 4.2 by taking X(b), P , b as X, P and p. We consider H q of both sides of Lemma 4.2, (2), and take the stalk at x. Then,
) x , which is isomorphic to r P gp /(P b) gp ⊗ Z C if q = r and is zero if q = r. Therefore, since ω
, the stalk at (2) is proved. To prove (3), we consider the particular case where P = N r , for some r ≥ 0. In this situation, X ∼ = C r as an analytic space, with canonical log structure given by a normal crossing divisor D ֒→ X, and Y is a closed analytic subspace of X, with induced log structure. Then, the complex ω
Therefore, we are reduced to the case analyzed in §3.2, and we can use the isomorphism (50) to describe the stalk at x of H q (ω .
). So, by applying Lemma 4.3,
Now, we prove (3) in the general situation. For a non-empty ideal I of the monoid P , we can consider the toric variety B I (Spec C[P ]), which we get from X by "blowing-up" along I as in [20, §I, Theorem 10] . It is endowed with a canonical log structure ([18, (3.7)(1)]).
Note. From [19, Proposition (9.8) ], and [20, §I, Theorem 11], it is possible to choose an ideal I of P , such that, ifX = BĨ (Spec C[P ]), with log structureM , then, for any y ∈X, (M /O * X ) y is isomorphic to N r(y) , for some r(y) ≥ 0. Let f :X −→ X be the proper map, corresponding to the "blowing-up" of X alongĨ. We can supposeX ∼ = C r , for some r ∈ N, i.e. X to be a non-singular log analytic space, with canonical log structure N r −→ C[N r ], namely, the log structure given by a normal crossing divisorD.
Then, we consider the following cartesian diagram
whereỸ = f −1 (Y ) is a closed subspace ofX, and we suppose it to be endowed with the inverse image of the log structureM . We denote byf the morphismf :X|Ỹ −→ X|Y (deduced from the cartesian diagram (61)). We also note that the vertical maps in (61) are log-étale, so
Then, from (62), we get
Moreover, by [20, §I, Corollary 1. c)], there exists a quasi-isomorphism
Since f is proper, and X,X are schemes of finite type over S, applying [13, §II, Proposition (6.2)] to the structural sheaf OX, we get
and, from the isomorphism (64), we get
Therefore, since the OX -module (resp. O X −module) ω qX (resp. ω q X ) is free of finite rank, for any q, from (63) and (66), we finally get an isomorphism in the derived category
Let nowx ∈Ỹ be such that f (x) = x. Letb be the prime ideal of N r equal to the inverse image of the maximal ideal of OX ,x under N r −→ OX ,x . We consider the log analytic closed subspaceX(b) of X, and its closed log subspaceỸ (b) ֒→X(b), defined as in (56). We consider the following commutative diagram
Since we have just proved (3) in the case P = N r , r ≥ 0, the lower horizontal arrow is an isomorphism at x. Therefore, the map
is injective. Moreover, by Lemma 4.3, (1),
−→ C, and also
) ∼ = C. Thus, we find that the composition map
is the identity map, and so
is injective. Now, from diagram (68), since the composed map ω
isomorphism at x, it follows that the map (70) is also surjective, and so it is an isomorphism. Therefore, from diagram (68), the map
is also an isomorphism, and we can conclude that H 0 (ω
Now, the isomorphism (59), factorizes through
and we can conclude that the map (69) is also surjective, and so it is an isomorphism. 
induced by the mapdlog :
Proof. Since the question is local on X, we may assume that X = Spec C[P ], where P is an fs monoid. Let x ∈ Y , and let b ⊂ P be the inverse image of the maximal ideal of O X,x . Now, by Lemma 4.3, (3),
and, by Lemma 4.3, (2),
Now, we use Lemma 4.3 and Proposition 4.4 to prove a "formal version" of the logarithmic Poincaré Lemma.
Proof. (of Theorem 4.1) In the previous notation, let x ∈ Y , y ∈ Y log be such that τ (y) = x. Let {t 1 , ..., t n } be a family of elements of L X,x whose image via the map exp x : L X,x −→ M 
). Therefore, we begin with Theorem 5.1 Let Y be an fs log scheme over S, and let i : Y ֒→ X be an exact closed immersion of Y into an fs log smooth log scheme X. Then, for any q ∈ Z, there exists an isomorphism
Proof. In the previous section, we have checked that H q (Y log , C) ∼ = H q (Y log , ω
. ,log X|Y ), for any q ∈ Z.
So, we will first show that the Log 2 [21, (4.8), 4.8.5 ]. There exists a quasi-isomorphism (X|Y ) an , and we will show that they are quasi-isomorphic. 
